We study the in-gap states of a quantum dot hybridized with the metallic and superconducting reservoirs applying the continuous unitary transformation to the Anderson-type Hamiltonian. We derive the set of ow equations and analyse the eective single particle excitation spectrum of the correlated quantum dot in presence of the induced electron pairing.
Introduction
When a nonsuperconducting quantum dot (QD) with discrete energy spectrum is placed in electrical contact with BCS superconductor, then the proximity eect induces the eigenstates whose energies appear in a sub-gap regime. These Andreev bound states (ABS) can be expressed in form of the BCS-like superposition u |0 −v |↑↓ involving an empty |0 and doubly occupied |↑↓ congurations. The other single occupied states |σ are not aected by the BCS condensate and represent true eigenstates of the QD, forming a spin-degenerate doublet.
Recent experiments with use of the self assembled quantum dots [1] , semiconducting nanowires [2, 3] and carbon nanotubes [4, 5] coupled between the superconducting and conducting electrodes clearly indicated appearance of the ABS. Such Andreev states activate an anomalous tunneling channel which operates even if external voltage is below the energy gap threshold |eV | ≤ ∆. The in-gap resonant states have been also detected in the quantum dots placed between both superconducting reservoirs [68] leading to inversion of the Josephson current.
In what follows we introduce the microscopic model capturing the essential physics of ABS. Next, we design the continuous canonical transformation, derive the set of ow equations and obtain the eective single particle spectral function.
The model
For description of the ABS we use the Anderson-type quantum impurity model
The localized QD electrons are described by the annihilation (creation) operatorsd σ (d † σ ), where σ denotes the spin, ε d is the energy level and ∆ d = min {∆, Γ S /2} [9] is the on-dot pairing gap. The Coulomb potential U d is responsible for the charging eect and, at suciently low temperatures, can lead to the Kondo-type correlations. Another important ingredient is the hybridization V k of the QD with external metallic lead. Energies of the itinerant electrons ξ k = ε k − µ are measured with respect to the chemical potentials µ. In this work we shall investigate the low energy features, therefore we assume the wide band limit
The method
We apply the continuous unitary transformation (CUT) originating from the renormalization group treatments. It has been introduced in 1994 independently by Wegner [10] and Wilson with Gªazek [11] and proved to be useful approach for studying a number of problems in the condensed matter physics [12] . The so-called ow equation scheme involves unconventional scaling and operates in the full Hilbert space, so that we keep information about all energy scales of the system. This aspect is particularly useful for determining the correlation functions and for studying mutual feedback eects between the large and small energy scales. The CUT algorithm is based on a continuous diagonalization of the Hamiltonian, which is ultimately reduced to a diagonal (or blockdiagonal) structure via the set of innitesimal transformations. The unitary ow of the Hamiltonian is generated by the anti-Hermitian operator.
Let us briey sketch the main idea of CUT considering an arbitrary HamiltonianĤ =Ĥ 0 +V with the main partĤ 0 and the o-diagonal contributionV (i.e. interactions, external perturbations, etc). Construction of an eective HamiltonianĤ(l) =Û † (l)ĤÛ(l) is achieved in a sequence of innitesimal steps, upon varying a continuous ow parameter l. Transformation of the Hamiltonian is governed by the dierential equation
is the generating operator. It has been proved by Wegner [10] that choosinĝ
guarantees thatV (l) vanishes in the asymptotic limit l → ∞. All l-dependent observables obey the dierential equation
similar to the ow equation for the model Hamiltonian.
Eective Hamiltonian
The Anderson-type Hamiltonian (1) is a microscopic model for the systems exhibiting the Kondo eect. To (A-137) A-138 M. Zapalska, T. Doma«ski investigate the Kondo-type correlations we eliminate the hybridization between the proximized quantum dot and the normal electrodê
The eective Hamiltonian takes the following form [13] :
whereŝ d is the spin operator of QD electrons andŜ k,p describes the spin operator of itinerant electrons. This additional term is important, because it yields the induced spinspin interaction.
To eliminate the hybridization term (4) we apply the original Wegner prescription (2) to the Hamiltonian (1). We obtain the following anti-Hermitian operator [13] :
where l-dependent amplitudes are given by
. Transformation of the Hamiltonian proceeds according to the ow equation
During the ow many additional couplings are generated which did not occur in the initial Hamiltonian. We either linearize such new terms and/or neglect some of the irrelevant terms [14] . From (7) we nally derive the set of coupled ow equations for all l-dependent coecients and solve it numerically. Dierences between the renormalized (l = ∞) and initial
range between 5 to 12 percent, whereas the hybridization V k (l) completetly vanishes for l → ∞. From our analysis [13] we nd the destructive inuence of pairing on the antiferromagnetic order. These theoretical results are in a qualitative agreement with experimental data [2] . Since the eective exchange coupling J kp is suppressed by the induced on-dot pairing ∆ d it further suppresses also the Kondo temperature T K of the proximized quantum dot.
Spectrum of ABS states
In this section we analyze the in-gap states of a proximized quantum dot. The excitation spectrum can be determined from the Green function
, where l-dependent operators obey the ow Eq. (3). To deduce their evolution we start with the initial derivative
Taking into account the initial operators and the new terms appearing in Eqs. (9), (10) we deduce the following l-dependent parameterizations:
↑d ↓ĉk↑ , with the boundary conditions α(0) = 1 and
k (0) = 0. Next, we use the parameterized operators in the ow equation
Comparing the left and the right hand side of Eq. (13) we obtain the following set of dierential ow equations for l-dependent coecients:
Single Particle Excitation Spectrum of a Proximized Quantum Dot. . .
where
We can now calculate the single particle propagator which takes the following explicit form:
BCS-type factors are dened as
and the additional spectral weigths by
d of the Andreev quasiparticles are formally expressed by the quantities estimated in the limit
of the correlated and proximized quantum dot consists thus of: (i) four delta peaks (corresponding to the long-lived subgap Andreev states), (ii) a at background spread all over the entire bandwidth (which comes from the scattering beetween the QD and itinerant electrons), and (iii) two additional (temperature-dependent) features appearing near ±2E d . The latter eect is probably caused by the higher order scattering mechanism, involving the subgap Andreev states. A more detailed analysis of this puzzling eect along with the numercial computations of the spectral function shall be discussed elsewhere.
Summary
We have investigated the spectral properties of the correlated quantum dot aected by the proximity induced electron pairing. Hybridization of the quantum dot to the external bath of mobile electrons has been eliminated by means of the continuous unitary transformation. We have found that eective Hamiltonian has the spin-exchange interactions and their antiferromagnetic magnitude is considerably suppressed by the ondot pairing. The resulting single particle spectral function consists of four subgap peaks, a at background and some additional many-body features apparently originating from the scattering involving the itinerant electrons and the subgap Andreev quasiparticles. This energy structure seems to be relevant to the singlet-doublet quantum transition observed in the recent experimental measurements [15] .
